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We introduce a class of polynomials orthogonal on some radial rays in the
complex plane and investigate their existence and uniqueness. A recurrence
relation for these polynomials, a representation, and the connection with standard
 .polynomials orthogonal on 0, 1 are derived. It is shown that their zeros are simple
and distributed symmetrically on the radial rays, with the possible exception of a
multiple zero at the origin. An analogue of the Jacobi polynomials and the
corresponding problem with the generalized Laguerre polynomials are also treated.
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1. INTRODUCTION
Let m g N, a ) 0, s s 0, 1, . . . , 2m y 1 and « , « , . . . , « bes 0 1 2 my1
 .  .2m th roots of unity, i.e., « s exp ip srm , s s 0, 1, . . . , 2m y 1. Wes
study orthogonal polynomials relative to the inner product
2my1
y1f , g s « f z g z w z dz , 1.1 .  .  .  .  . Hs
lsss0
where l are the radial rays in the complex plane which connect the origins
 .z s 0 and the points a « , s s 0, 1, . . . , 2m y 1, and z ¬ w z is a suitables s
 .complex weight function.
 .In this paper we consider the cases when a s 1 and z ¬ w z is as
complex function such that
w x« s w x , s s 0, 1, . . . , 2m y 1, .  .s
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 .  .   .and x ¬ w x is a weight function on 0, 1 nonnegative on 0, 1 and
1  . .  .H w x dx ) 0 . Then, 1.1 can be written in the form0
2my1
1
f , g s f x« g x« w x dx. 1.2 .  .  .  .  .H s s /0 ss0
 .In the case m s 1, 1.2 becomes
1
f , g s f x g x w x dx , .  .  .  .H
y1
 .so we have the standard case of polynomials orthogonal on y1, 1 with
 .respect to the even weight function x ¬ w x .
Although some results hold regardless of whether the number of rays is
even or odd, the case with an odd number of rays will not be considered
here. The main reason for this decision is that the fundamental recurrence
relation for orthogonal polynomials in that case is quite different from one
in the even case.
The paper is organized as follows. In Section 2 we develop preliminary
material on existence and uniqueness of the orthogonal polynomials, and
in Section 3 we give the recurrence relation for these polynomials. Mo-
 .ment determinants and orthogonal polynomials for m s 2 and w x s 1
are discussed in Sections 4 and 5, respectively. A representation of the
orthogonal polynomials and the connection with standard polynomials
 .orthogonal on 0, 1 are discussed in Section 6. In Section 7 it is shown that
their zeros are simple and distributed symmetrically on the radial rays,
with the possible exception of a multiple zero at the origin. An analogue of
the Jacobi polynomials is treated in Section 8, and a corresponding
problem with the generalized Laguerre polynomials in Section 9, where we
 .take a s q`, s s 0, 1, . . . , 2m y 1. Then, the inner product 1.2 reducess
to
2my1q`
f , g s f x« g x« w x dx. 1.3 .  .  .  .  .H s s /0 ss0
The generalised Hermite polynomials on the radial rays were considered
w xin 7 , including a linear second-order differential equation for such
polynomials. The type of connection between the general orthogonal
polynomials and the orthogonal polynomials on the real ray also appeared
w xin work by E. Hendriksen and H. van Rossum 5 , where they considered
an electrostatic interpretation of zeros. Also, we mention here the refer-
w x w xences by A. J. Duran 2, 3 and R. Smith 9, 10 , which may have some
connection to our results.
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2. PRELIMINARIES, EXISTENCE, AND UNIQUENESS
First we see that
2my1
1 2
f , f s f x« w x dx ) 0, .  .  .H s /0 ss0
 .except when f z ' 0. The moments are given by
2my1
1p q pyq pqqm s z , z s « x w x dx , p , q G 0. 2.1 .  .  . Hp , q s / 0ss0
 .The inner product 1.2 has the following property:
 m .  m .LEMMA 2.1. z f , g s f , z g .
m ym  . sProof. Since « s « s y1 we haves s
2my1
1m m mz f , g s x « f x« g x« w x dx .  .  .  .H s s s /0 ss0
2my1
1 m ms f x« x « g x« w x dx .  .  .H s s s /0 ss0
ms f , z g . .
It is easy to verify the following
w  .xLEMMA 2.2. Let p s 2mn q n , n s pr 2m , 0 F n F 2m y 1. Then
2my1 2 my1 2m if n s 0,p n« s « s s s  0 if 1 F n F 2m y 1.
ss0 ss0
 .  .Thus, m in 2.1 is different from zero only if p ' q mod 2m ;p, q
otherwise m s 0. Using the moment determinantsp, q
m m ??? m00 10 Ny1, 0
m m ??? m01 11 Ny1, 1
D s 1, D s , N G 1,.0 N ..
m m ??? m0, Ny1 1, Ny1 Ny1, Ny1
 .we can state the following existence result for the monic orthogonal
  .4q`  .polynomials p z with respect to the inner product 1.2 .N Ns0
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THEOREM 2.3. If D ) 0 for all N G 1 the monic polynomialsN
  .4q`  .p z , orthogonal with respect to the inner product 1.2 , exist uniquely.N Ns0
Proof. Write
N
N . n N .p z s a z , a s 1, . N n N
ns0
and consider the orthogonality conditions
N N
D N . n D N .p , z s a z , z s a m s K d , D F N , . .  N n n n , D N D N
ns0 ns0
5 5 2where K s p / 0 and d is the Kronecker delta. These conditionsN N D N
are equivalent to the system of linear equations
N .am m ??? m 0 000 10 N 0
N . 0am m ??? m 101 11 N 1 .? s . 2.2 ... ... ...
KN .m m ??? m N0 N 1 N NN aN
 .Since D / 0 the system 2.2 has a unique solution for the coeffi-Nq1
cients a N .. For the monic polynomials we have a N . s 1 andn N
K D DN N N2N . 5 5a s s p s 1,N ND DNq1 Nq1
25 5i.e., p s D rD .N Nq1 N
 .THEOREM 2.4. For the polynomials p z , orthogonal with respect to theN
 .inner product 1.2 , we ha¨e
p z« s « Np z , s s 1, . . . , 2m y 1. 2.3 .  .  .N s s N
 .  .Proof. Let p z be the monic polynomial of degree N orthogonalN
 .with respect to the inner product 1.2 , i.e.,
2my1
1
p , g s p x« g x« w x dx s 0, .  .  .  .HN N s s /0 ss0
 . where g z is an arbitrary polynomial of degree at most N y 1 i.e.,
.  .  . yN  .g g P . For each j 1 F j F 2m y 1 we put Q z s « p z«Ny1 N, j j N j
 .  .  .and H z s g z« . Evidently, the polynomials Q z are monic.j j N, j
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We have
2my1
1 yNQ , H s « p x« « H x« w x dx .  .  . . HN , j j j N j s j s /0 ss0
2my1qj
1yNs « p x« g x« w x dx .  .  .Hj N s s /0 ssj
s «yN p , g s 0, .j N
because « s « .2 my1qj jy1
 .  .Since H z can be every polynomial in P , we conclude that Q zj Ny1 N , j
 .  .is an orthogonal monic polynomial with respect to 1.2 . Finally, from the
 .uniqueness of p z it follows thatN
«yNp z« s p z , s s 1, . . . , 2m y 1, .  .s N s N
 .i.e., 2.3 .
3. RECURRENCE RELATION
We begin this section with the following auxiliary result:
 .  .LEMMA 3.1. Let the inner product ?, ? be gi¨ en by 1.2 and let the
  .4q`corresponding system of monic orthogonal polynomials p z exist.N Ns0
 N .Then, for 0 F n - N F 2m y 1, we ha¨e z , p s 0.N
 . n n . jProof. Let 0 F n - N F 2m y 1 and p z s  g z , n G 0. Thenn js0 j
2my1
1N N Nz , p s x « p x« w x dx .  . . Hn s n s /0 ss0
2my1 n
1 N N n . j yjs x « g x « w x dx . H s j s /0ss0 js0
n 2 my1
1n . Nqj Nyjs g x w x dx « . . Hj s /  /0js0 ss0
Since 0 F j F n F N y 1 F 2m y 2, i.e., 1 F N y n F N y j F 2m y 1,
according to Lemma 2.2, we have that 2 my1« Ny j s 0, and thereforess0 s
N .z , p s 0.n
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Using the well-known Gram]Schmidt orthogonalizing process and
Lemma 3.1, we get:
LEMMA 3.2. The first 2m monic polynomials orthogonal with respect to
 .  . Nthe inner product 1.2 are gi¨ en by p z s z , N s 0, 1, . . . , 2m y 1.N
It is well known that an orthogonal sequence of polynomials satisfies
a three-term recurrence relation if the inner product has the property
 .  .zf, g s f , zg . In our case the corresponding property is given by
 m .  m .  .z f , g s f , z g cf. Lemma 2.1 and the following result holds.
 .  .THEOREM 3.3. Let the inner product ?, ? be gi¨ en by 1.2 and let the
  .4q`corresponding system of monic orthogonal polynomials p z exist. TheyN Ns0
satisfy the recurrence relation
p z s z mp z y b p z , N G m , .  .  .Nqm N N Nym
p z s z N , N s 0, 1, . . . , 2m y 1, 3.1 .  .N
where
m 5 5 2p , z p p .N Nym N
b s s . 3.2 .N 2p , p 5 5 . pNym Nym Nym
 . m  .Proof. Since p z y z p z is a polynomial of degree at mostNqm N
N q m y 1, we can express it in terms of the orthogonal basis
  .4Nqmy1p z . Thus,n ns0
Nqmy1
m n .p z s z p z q b p z , 3.3 .  .  .  .Nqm N N n
ns0
from which, for an arbitrary k, we have
Nqmy1
m n .p , p s z p , p q b p , p . .  . . Nqm k N k N n k
ns0
Because of orthogonality, we conclude that
z mp , p .N nn .b s y , 0 F n F N q m y 1.N p , p .n n
 m .  m .Since z p , p s p , z p s 0 for m q n - N, i.e., n - N y m, weN n N n
get
b n . s 0, n s 0, 1, . . . , N y m y 1.N
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 m .Consider now the inner product z p , p for N y m F n F N qN n
m y 1. Using Theorem 2.4, we find that
2my1
1m m mz p , p s x « p x« p x« w x dx .  .  . . HN n s N s n s /0 ss0
2my1
1 m m N ns x « « p x « p x w x dx .  .  .H s s N s n /0 ss0
2my1
1mq Nyn ms « x p x p x w x dx. .  .  . Hs N n / 0ss0
In view of Lemma 2.2, the first factor on the right in the last equality is
different from zero only for m q N y n s 2m, i.e, if n s N y m. Thus,
z mp , p p , z mp .  .N Nym N NymNym.b s y s y .N 2p , p 5 5 . pNym Nym Nym
Nym.  .  .Denoting b simply as yb , we see that 3.3 reduces to 3.1 .N N
 .4. MOMENT DETERMINANTS FOR m s 2 AND w x s 1
In this section we consider the inner product
1
f , g s f x g x .  .  .H
0
qf ix g ix q f yx g yx q f yix g yix dx. 4.1 .  .  .  .  .  .  .
The moments are given by
4¡
, p ' q mod 4 , .p q ~m s z , z s . p q q q 1p , q ¢
0, otherwise.
 4Thus, if p s 4 i q n and q s 4 j q n , n g 0, 1, 2, 3 , we have
4
m s , i , j G 0. 4.2 .4 iqn , 4 jqn 4 i q j q 2n q 1 .
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Our purpose is now to evaluate the moment determinants
m m ??? m00 10 Ny1, 0
m m ??? m01 11 Ny1, 1
D s , N G 1. 4.3 ..N ..
m m ??? m0, Ny1 1, Ny1 Ny1, Ny1
For every k g N we define the determinants
m 0 m 0 ???00 40
0 m 0 m22 62
m 0 m 004 44C s , 4.4 .k 0 m 0 m26 66
. .. .. .
m2 ky2, 2 ky2
m 0 m 0 ???11 51
0 m 0 m33 73
m 0 m 015 55D s , 4.5 .k 0 m 0 m37 77
. .. .. .
m2 ky1, 2 ky1
which can be expressed in terms of the determinants
En . s 1,0
m m ??? mn , n 4qn , n 4ny1.qn , n
m m ??? mn , 4qn 4qn , 4qn 4ny1.qn , 4qnn .E s ,n ...
m m ??? mn , 4ny1.qn 4qn , 4ny1.qn 4ny1.qn , 4ny1.qn
where n s 0, 1, 2, 3. We first interpret these determinants in terms of
 .Hilbert-type determinants. Namely, because of 4.2 , we have
n1
n . nE s 4 det . 4.6 .n 4 i q j q 2n y 7 . i , js1
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 .In order to evaluate the determinants in 4.6 , we use Cauchy's formula
 w x.see Muir 8, p. 345
n
a y a b y bn  .  . i j i j1 i)js1
det s na q bi j i , js1 a q b . i j
i , js1
with a s 4 i and b s 4 j q 2n y 7. Thus, we obtain:i j
LEMMA 4.1. We ha¨e
20!1! ??? n y 1 ! . .2n . nE s 4 , n G 1.n ny1 ny1
4 i q 4 j q 2n q 1 . 
is0 js0
In our further investigations, we need a quotient of the determinants En ..n
LEMMA 4.2. For n s 0, 1, 2, 3 we ha¨e
2n . 2ny1E 4 4 k y n q 1 .nq1 s , n G 1,n .  /8n q 2n q 1 4k q 2n q 1E ksnn
n . n .  .and E rE s 4r 2n q 1 .1 0
This follows immediately from Lemma 4.1.
 .LEMMA 4.3. For the determinants 4.4 we ha¨e
C s E0. E2. , k e¨en G 2; C s E0. E2. , k odd G 1. .  .k k r2 k r2 k kq1.r2 ky1.r2
4.7 .
w xProof. Similarly as in 4 , we use Laplace expansion for determinants.
Let first k be even. Expanding by columns numbered 1, 3, . . . , k y 1, one
finds that only one nonzero contribution results, namely from the minor
and cominor pair
1 3 5 ??? k y 1 2 4 6 ??? k, . 4.8 . /  /1 3 5 ??? k y 1 2 4 6 ??? k
Since the matrix C is symmetric, and the sign associated with the pairk
 .  .k 2 r2  .4.8 is y1 , one immediately obtains the first relation in 4.7 .
Similarly, Laplace expansion by columns 1, 3, . . . , k gives the result for
odd k.
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Also, we can prove:
 .LEMMA 4.4. For the determinants 4.5 we ha¨e
D s E1. E3. , k e¨en G 2; D s E1. E3. , k odd G 1. .  .k k r2 k r2 k kq1.r2 ky1.r2
Using the same techniques we find:
 .LEMMA 4.5. For the moment determinants 4.3 we ha¨e
D s C D and D s C D ,2 k k k 2 kq1 kq1 k
 .  .where C and D are gi¨ en by 4.4 and 4.5 , respecti¨ ely.k k
Combining Lemmas 4.1, 4.3, 4.4, and 4.5, we obtain:
LEMMA 4.6. We ha¨e
D s E0.E1.E2.E3. ,4 n n n n n
D s E0. E1.E2.E3. ,4 nq1 nq1 n n n
D s E0. E1. E2.E3. ,4 nq2 nq1 nq1 n n
D s E0. E1. E2. E3. .4 nq3 nq1 nq1 nq1 n
5. ORTHOGONAL POLYNOMIALS FOR m s 2 AND
 .w x s 1
We note, first of all, from Lemmas 4.1 and 4.6, that D ) 0 for allN
  .4q`N G 1, and therefore, the orthogonal polynomials p z with respectN Ns0
 .to the inner product 4.1 exist uniquely, and
DNq125 5p , p s p s ) 0. 5.1 .  .N N N DN
 .   .4q`THEOREM 5.1. The monic polynomials p z , orthogonal withN Ns0
 .respect to the inner product 4.1 , satisfy the recurrence relation
p z s z 2p z y b p z , N G 2, .  .  .Nq2 N N Ny2
p z s z N , N s 0, 1, 2, 3, 5.2 .  .N
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where
¡ 216n
if n s 0, 1,
8n q 2n y 3 8n q 2n q 1 .  .~b s 5.3 .4 nqn 24n q 2n y 3 .
if n s 2, 3.¢ 8n q 2n y 3 8n q 2n q 1 .  .
  ..Proof. Since see 3.2
5 5 2p D DN Nq1 Ny2
b s s ? , N G 2,N 2 D D5 5p N Ny1Ny2
using Lemmas 4.6 and 4.2, we find for n s 0, 1,
D rD En . rEn .4 nqnq1 4 nqn nq1 n
b s s ,4 nqn nq2. nq2.D rD E rE4 ny1.qnq3 4ny1.qnq2 n ny1
i.e.,
16n2
b s .4 nqn 8n q 2n y 3 8n q 2n q 1 .  .
Similarly, for n s 2, 3, we have
D rD En . rEn .4 nqnq1 4 nqn nq1 n
b s s ,4 nqn nq2. nq2.D rD E rE4 nqny1 4 nqny2 nq1 n
i.e.,
24n q 2n y 3 .
b s .4 nqn 8n q 2n y 3 8n q 2n q 1 .  .
 .Remark 5.1. From 5.3 we conclude that
1
b ª as N ª q`,N 4
just like in Szego's theory for orthogonal polynomials on the intervalÍ
 .y1, 1 .
Remark 5.2. Taking
p z s p z s 0, p z s 1, p z s z , .  .  .  .y2 y1 0 1
 .the recurrence relation 5.2 holds for every N G 0.
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Remark 5.3. Since
5 5 2b b ??? b p , N even,N Ny2 2 025 5p sN 2 5 5b b ??? b p , N odd,N Ny2 3 1
5 5 2  .and p s D rD s m s 4 D ' 1 ,0 1 0 00 0
5 5 2p s D rD s m m rm s m s 4r3,1 2 1 00 11 00 11
we can define b s 4, b s 4r3, so that for every N G 0 we have0 1
b b ??? b , N even,N Ny2 025 5p sN  b b ??? b , N odd.N Ny2 1
w x   ..Remark 5.4. Let N s 4n q n , n s Nr4 , 0 F n F 3. Since cf. 5.1
D D En .Nq1 4 nqnq1 nq125 5p s s s ,N n .D D EN 4 nqn n
  .4Lemma 4.2 gives the norms of the polynomials p z . Namely,N
425 5p s , 0 F N F 3,N 2 N q 1
22ny14 4 k y n q 1 .2 25 5 5 5p s p s , N G 4.N 4 nqn  /8n q 2n q 1 4k q 2n q 1ksn
 .6. A REPRESENTATION OF THE POLYNOMIALS p zN
In this section we again consider the general case of the inner product
 .1.2 for which the corresponding system of the monic orthogonal polyno-
  .4q`  .mials p z exists and satisfies the recurrence relation 3.1 . BasedN Ns0
 .on this recurrence relation or on formula 2.3 from Theorem 2.4, we can
 .conclude and easily prove that p z are incomplete polynomials with theN
following representation:
 .LEMMA 6.1. The polynomials p z can be expressed in the formN
w xNr2 m
N . Ny2 mip z s g z , 6.1 .  .N i
is0
where g N . are real coefficients and g N . s 1.i 0
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 .Indeed, from Theorem 2.4 it follows that every zero z / 0 of p z0 N
 .leads to a set of 2m zeros of the form z « 0 F s F 2m y 1 and0 s
 . 2 m 2 mtherefore p z has a factor z y z ; apart from these factors there is aN 0
n w xfactor z with n s N y 2m Nr2m .
w x  4Taking N s 2mn q n , n s Nr2m , n g 0, 1, . . . , 2m y 1 , we see that
 .6.1 becomes
n
N . 2 mnyi.qnp z s g z , 6.2 .  .2 m nqn i
is0
from which there follows immediately:
LEMMA 6.2. The polynomials from Theorem 3.3 can be expressed in the
form
p z s znqn . z 2 m , n s 0, 1, . . . , 2m y 1; n s 0, 1, . . . , 6.3 .  .  .2 m nqn n
n . .where q t , n s 0, 1, . . . , 2m y 1, are monic polynomials of exact degree n.n
n . .THEOREM 6.3. The monic polynomials q t , n s 0, 1, . . . , 2m y 1, de-n
 .fined in 6.3 , satisfy the two relations
qnqm. t s qn . t y b qnqm. t , 0 F n F m y 1, 6.4 .  .  .  .n n N ny1
and
qnym. t s tqn . t y b qnym. t , m F n F 2m y 1, 6.5 .  .  .  .nq1 n N n
where N s 2mn q n .
w xProof. Let N s 2mn q n , n s Nr2m . Then, for 0 F n F m y 1,
 .we have that N q m s 2mn q n q m and N y m s 2m n y 1 q
 .  .n q m. Using the recurrence relation 3.1 and the representation 6.3 ,
 .we obtain 6.4 . Similarly, for m F n F 2m y 1, we have that N q m s
 .  .2m n q 1 q n y m and N y m s 2mn q n y m, and then 3.1 reduces
 .to 6.5 .
n . .THEOREM 6.4. The monic polynomials q t , n s 0, 1, . . . , 2m y 1, de-n
 .fined in 6.3 , satisfy the three-term recurrence relation
qn . t s t y an . qn . t y bnqn . t , n s 0, 1, . . . , .  .  . .nq1 n n n ny1
qn . t s 1, qn . t s 0, 6.6 .  .  .0 y1
where the recursion coefficients an . and bn . are gi¨ en in terms of then n
b-coefficients as
an . s b q b , bn . s b b , N s 2mn q n .n N Nqm n Nym N
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w xProof. Suppose that N s 2mn q n , n s Nr2m , and 0 F n F m y 1.
 .Then, combining 6.5 in the form
qn . t s tqnqm. t y b qn . t 6.7 .  .  .  .nq1 n Nqm n
 .and 6.4 we obtain
qn . t s t y b qn . t y b tqnqm. t . .  .  .  .nq1 Nqm n N ny1
 .  .Replacing now n by n y 1 in 6.7 and using the last equality we get 6.6 .
In a similar way we prove the case when m F n F 2m y 1.
 .The three-term recurrence relation 6.6 shows that the monic polyno-
 n . .4q`mial systems q t , n s 0, 1, . . . , 2m y 1, are orthogonal. In then ns0
following theorem we investigate this orthogonality.
 .THEOREM 6.5. Let x ¬ w x be a weight function in the inner product
 .  . n . .1.2 which guarantees the existence of the polynomials p z , i.e., q t ,N n
 .  4n s 0, 1, . . . , 2m y 1, determined by 6.3 . For any n g 0, 1, . . . , 2m y 1 ,
 n . .4q`  .the sequence of polynomials q t is orthogonal on 0, 1 with respect ton ns0
the weight function
t ¬ w t s t 2nq1y2 m.r2 m w t1r2 m . 6.8 .  .  .n
w xProof. Let N s 2mn q n , n s Nr2m , and K s 2mk q n , k s
w xKr2m . Consider the inner product
2my1
1
p , p s p x« p x« w x dx , .  .  .  .HN K N s K s /0 ss0
which can be reduced to
2my1
1
n np , p s « p x « p x w x dx .  .  .  .HN K s N s K /0 ss0
1
s 2m p x p x w x dx .  .  .H N K
0
1 2n n . 2 m n . 2 ms 2m x q x q x w x dx , .  .  .H n k
0
 . N  .using the property p x« s « p x , s s 0, 1, . . . , 2m y 1, from Theo-N s s N
 . 2 mrem 2.4, and the representation 6.3 . Changing variable x s t in the
last integral, we conclude that
1 n . n .p , p s p , p s q t q t w t dt s 0, n / k , .  .  .  .  .HN K 2 m nqn 2 m kqn n k n
0
 .  .where w t is given by 6.8 .n
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 .Remark 6.1. The question of the existence of the polynomials p z isN
n . .  .reduced to the existence of polynomials q t , orthogonal on 0, 1 withn
 .respect to the weight function w t , for every n s 0, 1, . . . , 2m y 1.n
 .7. ZEROS OF p zN
w x  4THEOREM 7.1. Let N s 2mn q n , n s Nr2m , n g 0, 1, . . . , 2m y 1 .
 .All zeros of the polynomial p z are simple and located symmetrically on theN
radial rays l , s s 0, 1, . . . , 2m y 1, with the possible exception of a multiples
zero of order n at the origin z s 0.
 .  .Proof. In view of 6.3 , the polynomial p z can be expressed in theN
 . n n . 2 m.  4 n . .form p z s z q z , n g 0, 1, . . . , 2m y 1 , where q t is orthog-N n n
 .  .onal on 0, 1 with respect to the weight 6.8 . It is well known that the
n . .  . n, n .zeros of q t are real and distinct and are located in 0, 1 . Let t ,n k
k s 1, . . . , n, denote these zeros in increasing order,
t n , n . - t n , n . - ??? - t n , n . .1 2 n
Each zero t n, n . generates 2m zeros z n, n ., s s 0, 1, . . . , 2m y 1, on thek k , s
radial rays l ,s
2m
n , n . n , n . i sp r m’z s t e , s s 0, 1, . . . , 2m y 1,k , s k
’where i s y 1 . If n ) 0, there exists a zero of order n at the origin
z s 0.
8. AN ANALOGUE OF THE JACOBI POLYNOMIALS
Ãa , b . .Let P x be the monic Jacobi polynomials orthogonal with respectn
a b a , b . .  .  .  .to the weight x ¬ 1 y x 1 q x on y1, 1 and let P t be theirn
 .  .transformed form again monic on 0, 1 . Then we have
Ãa , b . Ãa , b . Ã Ãa , b .P x s x y a P x y b P x , .  .  . .Ãnq1 n n n ny1
 w x.where cf. 6, p. 45
b 2 y a 2
a s ,Ãk 2k q a q b 2k q a q b q 2 .  .
4k k q a k q b k q a q b .  .  .Ãb s ,k 2 22k q a q b 2k q a q b y 1 .  . .
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and
a , b . a , b . a , b .P t s t y a P t y b P t , .  .  . .nq1 n n n ny1
where
a , b . a , b . n a , b .Ã ÃP x s P 2 t y 1 s 2 P t , .  .  .n n n
1 1
Ãa s 1 q a , b s b . 8.1 . .Ãn n n n2 4
In the sequel we need the following lemma which follows immediately
w  .  .xfrom Bateman and Erdelyi 1, Sect. 10.8; formulas 33 and 36 .Â
Ãa , b . .LEMMA 8.1. For the monic Jacobi polynomials P x the followingn
relations hold,
Ãa , b . Ãa , bq1. Ãa , b .P x s 1 q x P x y c P x , 8.2 .  .  .  .  .nq1 n n n
Ãa , b . Ãa , by1. Ãa , b .P x s P x y d P x , 8.3 .  .  .  .n n n ny1
where
2 n q b q 1 n q a q b q 1 .  .
c s ,n 2n q a q b q 2 2n q a q b q 1 .  .
2n n q a .
d s .n 2n q a q b 2n q a q b y 1 .  .
  .4q`Consider now the polynomials p z orthogonal with respect toN Ns0
 .the inner product 1.2 , where the weight function is given by
1a2 m 2 mgw x s 1 y x x , a ) y1, g ) y . 8.4 .  .  .
2m
  .4q`THEOREM 8.2. The monic polynomials p z orthogonal with re-N Ns0
 .  .spect to the inner product 1.2 , where the weight function is gi¨ en by 8.4 ,
can be expressed in the form
yn n Ãa , bn . 2 m w xp z s 2 z P 2 z y 1 , N s 2mn q n , n s Nr2m , .  .N n
8.5 .
 4  .  .where n g 0, 1, . . . , 2m y 1 , b s g q 2n q 1 y 2m r 2m , andn
Ãa , b . .P x denotes the monic Jacobi polynomial orthogonal with respect to then
 .a  . b  .  .weight x ¬ 1 y x 1 q x on y1, 1 . The polynomials p z satisfy theN
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 .recurrence relation 3.1 , where
¡ n n q a .
if 0 F n F m y 1,
2n q a q b 2n q a q b q 1 .  .n n~b s2 m nqn n q b n q a q b .  .n n
if m F n F 2m y 1.¢ 2n q a q b 2n q a q b q 1 .  .n n
8.6 .
 .  .Proof. The weights t ¬ w t , given by 6.8 , reduce in this case ton
a gq2 nq1y2 m.r2 mw t s 1 y t t , n s 0, 1, . . . , 2m y 1. .  .n
2 m 2 m  .Taking t s z , i.e,. x s 2 z y 1, in 8.1 , yields immediately the repre-
 .sentation 8.5 .
 .In order to determine b in the recurrence relation 3.1 we combineN
 .  .  . 2 m 8.5 and 8.2 or 8.3 , taking x s 2 z y 1 and b s b s g q 2n qn
.1 y 2m r2m.
w xLet N s 2mn q n , n s Nr2m . Since
2n q 1 y 2m 2 n q m q 1 y 2m .
b q 1 s g q q 1 s g q s b ,n nqm2m 2m
8.7 .
 .for n s 0, 1, . . . , m y 1, 8.2 reduces to
2 nq1zynp z s 2 z 2 m2 nzynqm.p z .  .2 mnq1.qn 2 m nqnqm
y c 2 nzynp z , .n 2 m nqn
 . m  .  .  .i.e., p z s z p z y c r2 p z . Thus,Nq2 m Nqm n N
c n q b q 1 n q a q b q 1 .  .n n n
b s s .Nqm 2 2n q a q b q 2 2n q a q b q 1 .  .n n
 .According to 8.7 , the last equality gives b , for n s m, . . . , 2 m y 1.2 m nqn
 .  .In a similar way, using 8.5 and 8.3 , for n s m, . . . , 2 m y 1, we obtain
d n n q a .n
b s s ,Nym 2 2n q a q b 2n q a q b q 1 .  .nym nym
from which we determine b , for n s 0, 1, . . . , m y 1.2 m nqn
 .  .Remark 8.1. For a s g s 0 and m s 2, 8.6 reduces to 5.3 .
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9. AN ANALOGUE OF THE GENERALIZED LAGUERRE
POLYNOMIALS
Using the same method as in the previous section, we investigate the
 .  .corresponding problem on 0, q` with the inner product 1.3 , i.e.,
2my1q`
f , g s f x« g x« w x dx , 9.1 .  .  .  .  .H s s /0 ss0
where
1
2 mg 2 mw x s x exp yx , g ) y . 9.2 .  .  .
2m
Ã s. .Let L t be the monic generalized Laguerre polynomials orthogonaln
s yt  .with respect to the weight t ¬ t e on 0, q` . They satisfy the three-term
 w x.recurrence relation cf. 6, p. 46
Ã s. Ã s. Ã s.L t s t y 2n q s q 1 L t y n n q s L t , .  .  .  .  . .nq1 n ny1
 w x.as well as the following relations see 11
Ã sq1. Ã s. Ã s.tL t s L t q n q s L t , .  .  .  .ny1 n ny1
Ã s. Ã sy1. Ã s.L t s L t y nL t . .  .  .n n ny1
  .4q`THEOREM 9.1. The monic polynomials p z orthogonal with re-N Ns0
 .  .spect to the inner product 9.1 , where the weight function is gi¨ en by 9.2 ,
can be expressed in the form
n Ãan . 2 m w xp z s z L z , N s 2mn q n , n s Nr2m , .  .N n
Ã s. 4  .  .  .where n g 0, 1, . . . , 2m y 1 , a s g q 2n q 1 y 2m r 2m , and L tn n
denotes the monic generalized Laguerre polynomial orthogonal with respect to
s yt  .  .the weight t ¬ t e on 0, q` . The polynomials p z satisfy the recur-N
 .rence relation 3.1 , where
n q 1 q a if 0 F n F m y 1,nb s2 m nqn  n if m F n F 2m y 1.
The proof of this theorem is quite similar to the proof of Theorem 8.2.
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